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Solutions are obtained to linearized asymmetric heat-conductionprob- 
lems for thin- and thick-walled tubes, with consideration of the radi- 
ation inside the tubes. It is shown that linearization is permissible. 

The heat-conduction problem involving asymmetric 
heating of thick-walled tubes was solved in [1] for gen- 
eral nonuniform boundary conditions. If the clearance 
of the tube is filled out with adiathermal medium, heat 
transfer will occur between portions of the clearance 
which differ in temperature. A similar phenomenon is 
encountered also in the design of hollow flight vehicles. 

It is assumed that the degree of blackness of the 
wall material is unity. 

Let us examine the radiation of the asymmetrically 
heated clearance of an infinitely long cylindrical tube 
(Fig. 1). 

The density of the heat flux emitted by the areadF I 
onto dF 2 is equal to [2] 

dq1~ 0 T~ cos ~i cos ~2 dF2 = ~ p_~ (1) 

C o n s i d e r i n g  the r a t i o s  b e t w e e n  the s e g m e n t s  and 
a n g l e s  in a c i r c u l a r  c y l i n d e r ,  i n s t ead  of (1) we get  

dq12 = '~ T~ c o s ~ - - 0  § ~p cos2~d0d• (2) 
2~ 2 

T h e  e x p r e s s i o n  fo r  the f lux dq21 e m i t t e d  by dF 2 onto 
the s u r f a c e  a r e a  dF i d i f f e r s  f r o m  the e x p r e s s i o n  fo r  
dql 2 in that  T i is  r e p l a c e d  by T 2. The  hea t  f lux i m p a r t e d  
to a unit  s u r f a c e  a r e a  on dF l by the e n t i r e  tube c l e a r -  
ance  is  obtained by i n t e g r a t i n g  the d i f f e r e n c e  (dq2 t - 

- dql2) 
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L e t  u s  c o m p a r e  (3) wi th  the fo l lowing  l i n e a r i z e d  e x -  
p r e s s i o n :  

qr T (O)sinO--~ dO--aT(~), (4) 
2 

cp 

where the mean heat-transfer coefficient in the clear- 
ance is taken as 

2~ 

1 S T(q~)d~. (4a) a=4~T03, T o = - ~  

0 

Fig .  1. S c h e m e  for  d e r i v i n g  an e x p r e s s i o n  fo r  the  hea t  
f lux dens i ty  i m p a r t e d  to an a r e a  e l e m e n t  dF  i ( i .e . ,  a l so  
to a s u r f a c e  uni t  of s t r i p  I) by the r e m a i n i n g  p o r t i o n  of 

the  c l e a r a n c e  of an inf in i te  tube.  
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Fig.  2. C o m p a r i s o n  of e x p r e s s i o n s  (3) and (4) fo r  T(q~) = 
= 1273 + (A/2)cosq~:  a) so l id  l i ne s  deno te  changes  in q r  
(in W/m 2) a c c o r d i n g  to (3); po in t s  deno te  changes  in qc  
a c c o r d i n g  to (4); b) changes  in r e l a t i v e  e r r o r  (in %) 
~(r = 102[qr(r - q c ( ~ ) ] / q r ( 0 )  a l o n g t h e t u b e p e r i m e t e r :  
1) A = 400OK, 2) 330~ 3) 250~ 4) 200~ 5) 150~ 

6) 100~ 7) 60 ~  8) 20~ 
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The  c o m p a r i s o n  be tween  (3) and (4) fo r  T(q~) = T O + 
+ (A /2 )cos  (p i s  g iven  in Fig .  2. S ince  the m a x i m u m  
e r r o r  o c c u r s  fo r  ~0 = 0, the in f luence  of T o and A on 
the va lue  of ~(0) is  shown in Fig .  3. F r o m  the f i g u r e ,  
i t  can be s e e n  that  fo r  v a l u e s  of A and T O f r e q u e n t l y  
e n c o u n t e r e d  in p r a c t i c e ,  subs t i tu t ion  of (4) fo r  (3) i s  
a d m i s s i b l e .  

1~ T h i n - w a l l e d  tube.  C o n s i d e r i n g  (4), the  d i f f e r e n -  
t ia l  h e a t - c o n d u c t i o n  equa t ion  fo r  a t h i n - w a l l e d  tube has  
the f o r m  

aT(% "0 a O2T (% ~) 
a 1; (R~k) 2 O q)~ 

2a+~p 

x ( 2 - - 1 )  S T(O, % ) •  z). (5) 

The  func t ion  T(qo, T) m u s t  s a t i s fy  the condi t ion  T(qo, r) = 
= TOp + 2% r). The  in i t ia l  cond i t ions  a r e  taken  in the 
f o r m  T((~,0) = Ti(q~). Func t ions  Q(O,  r) and T i ( ~ )  
m u s t  be expandab le  into F o u r i e r  s e r i e s .  The f o r m  of 
Q((p, r) and M(r) depends  on the type of boundary  con-  
d i t ions  at the s u r f a c e s .  

If the so lu t ion  to (5) is  sought  in the f o r m  

T (% '~) = 2 [u2) ('0 cos m q~ + u~ '  ('0 sin rn q)], (6) 
m=O 

The  so lu t ion  of the p r o b l e m  is  sought  in the I b r m  

l (r, % x ) =  

= ~  [v~)(r, x )cosmro4-v~ l ( r ,  ~)sinmg,], (9) 
m=0 

w h e r e m =  0, 1 , 2 , 3  . . . . .  A f t e r  expans ion  of the func -  
t ions  Q(r ,  ~0, r),  ~(q) ,  T), and ~b2(q0 , T) into F o u r i e r  s e -  
r i e s ,  and hav ing  subs t i tu ted  (9) into the h e a t - c o n d u c t i o n  
equa t ion  and the bounda ry  condi t ions ,  we get  a s y s t e m  
which  does  not  con ta in  an i n t e g r a l  in the boundary  con-  
d i t ion  at  the i n n e r  s u r f a c e .  F u r t h e r ,  in o r d e r  to r e d u c e  
the boundary  condi t ions  to h o m o g e n e o u s  condi t ions ,  
we r e p r e s e n t  V(mi)(r, T) (i = 1, 2) in the f o r m  

~2~ (~, ~) = ~ 1  (~, ~) + z~ (0 ,?J~ (,) + 

+ f~ (r) [*~9. (~) k .,.u) ,~,, 
- -  3vl.mt ,U. ( i0) 

Then,  f o r  u (~ ( r ,  r) ,  we get  the s y s t e m  

0.21 a~u;9 
- -  .2[_ 

a a �9 OF 

i au~ ~ m~ " ~  + L ( ~ ) " ~ ' +  Fg>(~, "0, 
+ r Or r ~ 

f ' =  R I :  

(11) 

Ou~ ~ [ - 4m~ "~ u> 
a , - - ~ -  - -  [ bl + a l - - f f 4 ~ )  um = 0, (12) 

(0 
U m 

r = R2 : a2 T + b~u~ = 0, (13) 

w h e r e  m = 0, 1, 2, 3 . . . . .  then the e x p r e s s i o n s  fo r  
u~) ( r )  (i = 1, 2) d e r i v e  f r o m  o r d i n a r y d i f f e r e n t i a l e q u a -  
t ions  which  a r e  ob ta ined  by subs t i tu t ing  (6) into (5). 
F i n a l l y  we get  

u~ ~ (~) = 

l e a p [  { am2 -2--1/k  4m ~ ) 
, c y6 1 + 4m 2 

"~ 2g 

0 0 0 

T = O :  u~ 1(r, 0) g~l ,)  = (r) - -  z.~ (r) %..~ (0) - -  

- -  fm (r) (0 (0 [*2,,n (0)  - -  k~ , , , ,n (o)1, 

(r, "0 = ~ q ~  (,', "0 - 

l F .4 ~,.(i) / a . , d O  ( i)  i~ v,,~_k d.,..~) ] 

+ L (~) [Zm (r).,..I .... .~ k """~ " - ~  Vl,m H-/~(r) t~'2,m-- 3W,m~J~- 

(14) 

[ (  am ~ - 2 - - 1 1 k  4m ~ ) 
><exPL~ R~ k2 + a  cy6 l + 4 r n  ~ * + 

J 

1: 2n 

0 o 

(7) 

w h e r e  em = 2 f o r m  = 0 a n d e  m = 1 f o r m  = 1, 2, 3 . . . .  , 
K(m*)(qo) = c o s m ~ o ,  K(m2)(~0) = s inm~o,  

2. T h i c k - w a l l e d  tube.  The  d i f f e r e n t i a l  hea t  conduc -  
t ion equa t ions  and the in i t i a l  and boundary  condi t ions  
at the o u t e r  s u r f a c e  a r e  t aken  f r o m  [1]. The  boundary  
condi t ion  at the  i n n e r  s u r f a c e  has  the f o r m  

ot (IG % ~) 
al (O, + ~) t (R1, r *) = lh ~1 (% ~) - -  

Or 

a4 ; t (Rb  O, ~)sin 0- -~d0.2  
~p 

(s) 

~(o) 
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Fig .  3. M a x i m u m  e r r o r  ~(0) r e s u l t i n g  f r o m  
the  subs t i tu t ion  of (3) fo r  I4) as  a func t ion  
of the m a x i m u m  t e m p e r a t u r e  d i f f e r e n c e  A 
and m e a n  t e m p e r a t u r e  T O of the i n n e r  tube 
s u r f a c e  fo r  T(~o) = T o + ( A / 2 ) c o s ~ :  1) T o = 
= 473 ~  2) 773 ~  3) 1073 ~  4) 1273~ 

5) 1373 ~  6) 1473 ~  7) 1573 ~  
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Data  Computed  f r o m  (17) with Al lowance  (ff > 0) and Without  
Al lowance  (~  = 0) for  the Radia t ion  Ins ide  the Tube  C l e a r a n c e  

d 

I 273 
273 

2 573 
573 

3 873 
873 

o 

0 
0 

51.2 
52.8 

101.4 
116.8 

{ m ~ l s e c  
o. ~ ~ .... 

573 0,52 { 89.5 162 
0.52 1 80.51 
o.oo /1o .  I 

1173 0 93 144 72 
1173 0,93 144 72 

u  W / m  2 �9 deg  

initial Final mean 

4.6 403 23.8 
0,0 .0 0.0 

43 151 97 
0,0 0,0 0.0 

151 368 259.5 
0 .0 0.0 0.0 

L ~  

, : ;  d lieu 

598.61 547.41 51.2 
599.41 546.61 52.8 

923.71 822.3] 101.4 
931.41 814,6f116.8 

238.6 1107.4 131,2 
275.8 1070.2 205.6 

'"(i) [ dSzm -4 1 dz m m s ] 
~ l , m  t 2 m + 

L drS " r dr r s 

.... (0 k .,.r [ d ' f ~  1 dtra m s ] 
+~W2,.~-- a'Vl,mP k dr~ -~ r dr r s f , n j ,  (15) 

q~) ( r ,  T), ~l i , ) (7) ,  ~2,m"~(i)--(T), y ( ~ ) ( r ) a r e  the coef f i c ien t s  
of the F o u r i e r  s e r i e s  expans ions  in Q(r ,  ~0, T), ~l(q~, 7), 
r T) func t ions  and in the in i t i a l  t e m p e r a t u r e  d i s t r i -  
bu t ion  in  the tube wal l ,  r e s p e c t i v e l y .  The func t ions  
zm(r )  and f m ( r )  m u s t  sa t i s fy  the b o u n d a r y  cond i t ions  

(13") - (14")  ~ in [1], r e q u i r i n g  only that  b 1 a p p ea r ing  
in them be r e p l a c e d  by [b 1 + ff4m2/(1 + 4m2)]. Fo rz0 ( r )  
and f0(r) ,  i t  i s  advan tageous  to take the func t ions  ob-  
ta ined  in  [1] and for  zm(r )  and f m ( r ) ,  the func t ions  by 
m e a n s  of which the t e r m s  enc losed  in the l a s t  two 
b r a c k e t s  in  (15) a r e  t r a n s f o r m e d  e i t he r  to z e r o  or  to 
a cons t an t  o ther  than zero .  

Since p r o b l e m  (11)- (14)  i s  ana logous  to (16") - (19")  
in [1], the f ina l  f o r m  of the so lu t ion  wil l  be 

u(~ ) (r, z) = ~ exp [ - -  ~2.~,n a ~2 + 

+ a  L(T)d~ {a FI~)(, -,~)• 
0 R,O 

T 
m,n Rg - -  a L ('Q d ~ drd "r: + 

- g 

Mm(n , r ) ,  Mm,n( r ) ,  and Pm,n  a r e  d e t e r m i n e d  as in  [1], 
but  e v e r y w h e r e  [b 1 + ~4m2/(1 + 4m2)] m u s t  be s u b s t i -  
tuted for b t. In [1], p r i n t i n g  e r r o r s  have e scaped  the 
a t t en t ion  of the author :  A m , n  and Bin,  n f r o m  (26*) m u s t  
be  d iv ided  by R2, whi le  t h e f a c t o r  (2mal/#2m,n) i n f r o n t  
of the p a r e n t h e s e s  in  the th i rd  l ine  of (28*) m u s t  be 
add i t iona l ly  d ivided by co. $ 

Example .  It  i s  r e q u i r e d  to d e t e r m i n e  the t e m p e r a -  
t u r e  f ield of a tube  hea ted  f r o m  the ou t s ide  only  by a 
heat  flux q(0~) = q0 + q~ 1)c~ q0; the m a t e r i a l  i s  St. 20 
s t ee l  , R z = 0.075 m,  6 = 0.0075 m; q0 = 108 000, ql 1) = 
= 1390 W/m 2, T i = 273 ~ K. Computa t ion  wil l  be  p e r -  
f o r m e d  by sec t ions  ( ave rag ing  the t h e r m o p h y s i c a l  
c h a r a c t e r i s t i c s  of the s t ee l  and the hea t  t r a n s f e r  co-  

e f f ic ien t  ~ over  each  sect ion) .  Consequen t ly ,  for  the 
second  and subsequen t  sec t ions ,  we have Ti(q~) = 
= T av * (1/2)A i COS qD. In th i s  ca se ,  for  a t h in -wa l l ed  
tube,  f r o m  (6)- (7) ,  we have 

- -p  h .  , + qo'c + 
T(% T)----~ +- -~-cosq~exp( - -D*)  c 7 8 k  

-}- [t - -  exp ( - -  D x)l' q~') cos qD 
D ' 

D =  a_~_ 4 2 - - 1 / k  
R~tP + ~ (17) 5 c 76 

The sequence and results of computations from (17) 

for ~ > 0 and ~ - 0 are given in a table from which it 

can be seen that with increasing temperature, neglect 

of radiation inside the tube leads to appreciable errors. 

This is further aggravated by the fact that ff increases 

rapidly with increasing temperature, while the ther- 

mal conductivity of the steel decreases [3]. 

NOTATION 

T I and T 2 are the surface temperature of the areas 

dF I and dF2, respectively; p is the spacing between 

the centers of the areas dF i and dF2; R I and R 2 are 

the inner and outer radii of the tube, respectively; T 

and t are the instantaneous temperatures of a thin- and 
thick-walled tube, respectively; r, r and T are the 

instantaneous radius, angle, and time; a is the radia- 

tion constant of an absolute blackbody ((7 ~ 5.7 W/m2/ 

/~ ~, is the mean heat-transfer coefficient of the 

entire tube clearance and the strip with the angular 

coordinate ~p; a and k are the thermal-diffusivity and 

thermal-conductivity coefficients; c and 7 are the mean 

specific heat and specific weight of the tube material; 

6 = ( R  2 -  R 1) is  the wal l  t h i cknes s  of the tube; k =  1 -  
- 5/2R2; w = R1/R 2. 
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Here, and in the following, the asterisk denotes 

the number of the formulas in [I]. 

The expression under the summation sign in (34*) 

must be multiplied by M0,n(r). 
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